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Summary
The thesis describes the derivation and uses o f a simple function, 
"The Bending E ffic iency Factor", which may be used to examine the 
performance o f cross-sectional shapes in bending. The function 
y ie lds a value fo r  e ffic ie n cy  which is  independent o f the overall 
dimensions o f the cross-section, providing a measure o f the 
effectiveness fo r  the d is tr ib u tio n  o f material w ith in  beam cross- 
sections.
The Bending E ffic iency Factor is  used to investigate the performance 
o f steel I-sections in bending, th is  is  achieved by considering the 
varia tion  o f bending e ffic ien cy  with change in cross-sectional shape, 
the information is  displayed graphica lly in  the form o f e ffic ie n cy  
surfaces.
I t  is  shown how the constraints imposed by the methods o f production 
and design codes o f practice can be used to form boundaries to  the 
e ffic iency  surfaces.
The combination o f the idea o f bending e ffic ie ncy  surfaces and the 
boundaries formed by the constraints is shown to provide the basis o f 
a simple procedure fo r the design of s truc tu ra l steel cross-sections 
fo r optimum bending strength.
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CHAPTER ONE 
INTRODUCTION
.1 ,1  The Problem
When faced w ith the problem o f designing the cross section o f a 
s truc tu ra l element, one is  confronted with a number o f c o n flic tin g  
requirements. The designer has to consider those lim ita tio n s  due 
to the methods o f production in addition to the s tructu ra l constraints 
related to the element's usage.
The fo llow ing work considers the behaviour o f beams in bending and
shows how e f f ic ie n t  shapes may be achieved. I t  indicates how the
the various factors which constrain a design may be combined, giving
the designer an appreciation o f the re la tive  importance o f each constra in t,
and allowing the optim ization o f cross sectional shape to be made
d ire c tly .
1,2  Ob je c t iv e s
The princ ipa l objectives o f th is  work are lis te d  below:
(1) to show how the material w ith in  a cross section may be 
arranged to most e ffe c tiv e ly  re s is t bending and i l lu s t ra te  
how the bending e ffic ien cy  o f cross sectional shapes may 
be assessed qua n tita tive ly .
(2) To show how the constraints imposed by the production 
processes and those imposed by the codes o f practice may 
be combined to give the designer a clear picture o f the 
re la tive  importance o f each constra in t at the outset o f • 
the design.
(3) To use the ideas contained in (1) and (2) above to e ffe c t 
the design o f a steel beam cross section to be produced 
by hot ro ll in g  or welding.
1 ,3  Restrictio ns
The scope o f the ideas contained here are re s tr ic te d  in the main to 
I-sections.
Sections are assumed to be constructed from a single m ateria l, 
generally s te e l, aluminium a llo y  or a s im ila r homogeneous m aterial.
No d irec t consideration has been given to the e ffects  o f to rs ion , 
shear, or any design requirement in which the overall length o f the 
section comes in to  play.
1,4 Survey of Previous Work
During the la s t twenty years a number o f papers have been published on 
the subject o f improving the performance o f s tructu ra l steel members 
subject to bending. One reason fo r the in te re s t in  th is  subject was 
due to the advent of higher y ie ld  strength stee ls; and the need to 
produce section shapes to u t i l iz e  fu l ly  the properties o f these 
materials. In add ition , i t  was necessary to determine where the 
advantages gained by increased s tructu ra l e ffic iency  would outweigh 
the higher material and production costs.
'/R e f i)
Two notable papers published during th is  period were those o f S ch illin g   ^ ’ '
and Haai je r  . Both authors and most o f the other contributors
to the subject approached the problem in a s im ila r way. The objective 
in each case was to devise a minimum weight or minimum cost design fo r  
a plate g irder given a value fo r  s tiffn e ss  or bending strength and web 
slenderness. A summary o f the method used is  given below.
To s im p lify  the analysis o f an I section the idealized shape shown in 
F ig .1.1 may be used with only s lig h t loss o f accuracy ( i f  the flange 
thickness is  small compared with the depth o f the section).
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Using F ig .1.1, i t  is  possible to form expressions fo r the s tiffn e ss  
or bending strength o f the section using the fo llow ing three terms:
the cross sectional area A,
the web slenderness D /t,
and the proportion o f web area to to ta l area Rw.
These expressions may then be d iffe re n tia te d  with respect to Rw to give
the proportion o f web area to to ta l area necessary to maximize the
s tiffn ess  or bending strength. This y ie lds the fo llow ing values fo r  
Rw:
Rw = 3/4 fo r  optimum s tiffn e s s ,
Rw = 1/2 fo r optimum e la s tic  bending strength,
and Rw = 2/3 fo r optimum p la s tic  bending strength.
The method introduced in these papers provides a simple and e ffec tive  
way o f proportioning a cross section to ensure a minimum weight design, 
optim izing e ith e r bending strength or s tiffn e ss . I t  can also be used
to investigate the s e n s it iv ity  o f a design by examining the bending 
strength or s tiffn e ss  fo r a range o f values o f Rw. There are however, 
certa in drawbacks to th is  approach:
(1) Although the contribution o f flange thickness may be 
ignored fo r deep slender beams, i t  plays a s ig n if ic a n t 
role when considering stockier sections.
(2) This approach does not indicate the e ffects o f constraints 
other than web slenderness on the e ffic ien cy  o f the 
design.
(3) The designer is  often faced w ith the problem o f producing 
sections having a fixed depth and bending strength. In 
th is  s itua tion  the method ju s t described becomes 
inconvenient.
In the fo llow ing Chapters an approach to the optim ization o f cross 
sectional shapes is  described which overcomes these shortcomings.
In add ition , an extension to S ch illin g 's  method is  included in  Appendix 
A, which enables the e ffe c t o f flange thickness to be investigated.
1,5  Structural Ef f ic ie n c y
With the scarc ity  o f material resources and the high cost o f materials 
and manpower i t  is  important tha t the engineer should consider the needs 
o f a pro ject as a whole when deciding on the form o f structure required. 
This may be considered irre le va n t in  re la tion  to something as outwardly 
simple as the production o f e f f ic ie n t  cross sectional shapes. However, 
the choice o f section may have consequences which outweigh any savings 
brought about by improved s tructu ra l e ffic iency .
This may be illu s tra te d  by considering the example o f the cost o f cladding 
fo r  a m u lti-s to rey bu ild ing . The engineer's goal is  to produce a safe, 
e f f ic ie n t  and cheap structure which corresponds as closely as possible 
to the needs o f the a rch itec t. The cost o f cladding is  usually a 
higher proportion o f the project cost than tha t o f the structure. Using 
a small section depth, which in s truc tu ra l terms may resu lt in a less 
e f f ic ie n t  and more costly structure could enable the overall cost o f 
the pro ject to be reduced.
I t  w i l l  be noted tha t the bulk o f th is  work considers how to achieve an 
e f f ic ie n t  design fo r  one or a fam ily o f s tructu ra l elements, to th is  end 
i t  w i l l  be shown how aspects related to an e f f ic ie n t  design may be 
rap id ly  determined; where the word e f f ic ie n t  need not necessarily mean 
least weight.
1 ,6  Design of Beams
The process o f designing a beam consists o f determining the best 
compromise between various co n flic tin g  requirements. The influences 
on the choice o f cross sectional shape o f some o f these requirements 
is  discussed in  th is  section.
3 ,6 ,1  PRODUCTION METHODS
Normally, welded plate girders are the only form o f steel cross section 
tha t the s truc tu ra l engineer is  called on to design. There are few 
re s tr ic tio n s  placed on th is  type o f beam by the production process, 
the obvious ones being the a v a ila b il ity  o f suitable sizes o f material 
and the capacity o f the fab rica ting  shop to handle large pieces.
However, i f  the engineer is  required to design shapes to be produced 
by hot ro llin g  the constraints imposed by the production process place 
severe re s tr ic tio n s  on the shapes which may be achieved. These 
constraints are discussed in de ta il in Chapter 3.
1.6.2 BENDING STRENGTH
In ensuring that a beam has s u ff ic ie n t bending strength, the designer 
must proportion the cross section such that the material is used to i t s  
best advantage, i .e .  by concentrating the material in the flanges and 
ensuring tha t they are placed s u ff ic ie n t ly  apart. The proportion o f 
the usable material strength is  dependent on the overall s ta b i l i ty  o f 
the beam which requires a knowledge o f how the element is  to be used.
1.6.3 STIFFNESS
The designer must ensure that a beam does not de flec t excessively to
the detriment o f the cladding, services and f lo o rs  etc.
This is  dependent on the overall depth o f the section and i ts  usage 
w ith in  the structure .
1.6.4 SHEAR STRENGTH
Shear strength is  mainly dependent on the proportion o f the material in 
the web, and as such co n flic ts  with the requirements fo r  bending strength 
The production process fo r hot ro lle d  sections places a re s tr ic tio n  
on the ra tio  o f the flange to web thickness which ensures s u ff ic ie n t 
material in the web fo r most requirements.
1.6.5 LOCAL BUCKLING
The local buckling o f a section is  dependent on the flange and web 
slenderness. The designer is  required by the codes o f practice to 
ensure th a t the stresses in the flange and web are s u ff ic ie n t ly  low 
to prevent local buckling. This is  achieved by lim it in g  the flange 
and web slenderness which re s tr ic ts  the range o f shapes which may be used
1.6.6 OVERALL STABILITY
The overall s ta b il i ty  o f a beam is  dependent on the slenderness o f 
the member and the way in which i t  is  restrained w ith in  the s tructure . 
The main properties o f the cross section which a ffe c t overall in s ta b i­
l i t y  are the minimum radius o f gyration and the ra tio  o f overall depth 
to flange thickness. This form o f in s ta b il i ty  tends to preclude the 
use o f narrow flanged deep beams.
1.6.7 TORSION
For torsion the polar moment o f in e rtia  plays an important ro le , and 
fo r  the case o f ro lle d  sections due regard should be paid to the f i l l e t  
a t the web and flange junction .
1.6.8 CONNECTIONS AND USAGE
In designing a beam i t  is  important to consider how i t  may be connected 
to other parts o f the s tructu re , such that the shape allows the most 
e ffe c tive  form o f connection to be used. This is  p a rtic u la r ly  true 
when designing ranges o f sections, where i t  is  necessary to consider 
the size o f columns which are l ik e ly  to frame in to  the beams and whether 
a s im p lified  connection system can be adopted to reduce the number o f 
d iffe re n t components to be stocked.
1 ,7  Approach
The normal method o f designing a cross-sectional shape to meet the 
requirements noted in Section 1.6 can often re su lt in a lengthy 
ite ra tiv e  procedure i f  a ro lled  section is to be produced ( fo r  welded 
beams the lack o f choice o f plate sizes usually results in a design 
which although f u l f i l l i n g  the design objectives is  heavier than i f  
optimum plate thicknesses were ava ilab le ). The design procedure 
often, considers each aspect o f the design in iso la tio n , and i f  a 
" f in e ly  tuned" design is economically feasible th is  can resu lt in  
large numbers o f ite ra tio n s  before an optimum shape is  achieved.
The fo llow ing Chapters discuss techniques whereby many aspects related 
to the design maybe considered together, allowing the re la tive  e ffe c t 
o f each aspect on the system as a whole to be investigated. By 
considering the process o f design in  th is  manner lengthy ite ra tiv e  
procedures can be avoided and the designer is  given a deeper ins igh t 
in to  the factors which a ffe c t the choice o f cross-sectional shape.
CHAPTER TWO
"BENDING EFFICIENCY FACTOR
2.1  I ntroduction
This Chapter introduces the "Bending E ffic iency Factor", v/hich 
was orig inated by Dr. H. Nooshin, University o f Surrey and is  
described in (Ref.3).
The bending e ffic ie n cy  fac to r is  a simple function which may be used 
to assess the effectiveness o f a cross-sectional shape to re s is t bending. 
Unlike most other measures o f effectiveness used fo r th is  purpose the 
function is  independent o f the overall dimensions o f the cross-section.
I t  can be used to y ie ld  a numerical constant related to the e ffic ie n cy  o f 
a single section. I t  may also be used in i ts  functional form to examine 
the varia tion  o f bending e ffic ie n cy  with change in cross-sectional shape.
2 .2  De r iv a t io n  of the Bending Ef f ic ie n c y  Factor
Consider the beam shown in F ig .2 .la i t  has a s tra ig h t long itud ina l ax is , 
a constant cross-section and is  composed o f a single homogeneous m ateria l. 
Let the long itud ina l axis be denoted by L and the cross-section be 
symmetric about both the X and Y axes as shown in F ig .2 . lb , w ith X and Y 
being the p rinc ipa l axes o f the cross-section. The beam is supported 
and loaded as shown in F ig.2.1c, such tha t i t ' s  central region is  in 
pure bending.
Two forms o f bending e ffic ien cy  fac to r are investigated:
(1) The bending e ffic iency  fac to r related to a beam where the 
material is  w ith in  the lin e a r e la s tic  range, see F ig .2 . lb ;
This is  referred to as the E las tic  Bending E ffic iency Factor.'
(2) The bending e ffic iency  fac to r related to a beam where the material 
is  in  the p la s tic  range. (In  the sense used fo r  the simple 
p la s tic  analysis o f plane frames and beams, subject to the usual 
s im p lify ing  assumptions fo r th is  form o f material behaviour)see Fig. 
2.1b. This is  referred to as the P lastic  Bending E ffic iency Factor.
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Case (1)
In the region o f pure bending fo r the beam shown in F ig .2.1 the 
maximum tens ile  and compressive stresses at the extreme fib res  o f 
the cross section due to the bending moment M are given by
Mmaximum tens ile  stress a t = Zx 
Mand maximum compressive stress ac = .
Where Zx is  the section modulus about the X axis, and where due to 
the symmetry o f the section about the X axis a t and ac are 
numerically equal. Therefore, the general equation fo r  the maximum 
tens ile  or compressive stress fo r th is  system may be given by
' rt -  M 9 1
Zx ................ 2 ,1 '
Where a represents e ith e r the maximum tens ile  or compressive stress. 
M ultip ly ing each side o f equation 2.1 by the cross sectional area A 
and rearranging gives
A =■■!£—   2 .2 .oZx
The ra tio  Zx/A may be w ritten  as a lin ea r function o f the overa ll depth 
o f the cross section D. This can be illu s tra te d  by considering the 
ra tio  fo r the cross sectional shape shown in F ig .2 . lb .
For th is  shape Zx and A may be expressed as
Zx BD3-(B -t)(D -2T)3 
6D
and A = 2BT +'t(D-2T) .
Therefore, the ra tio  Zx/A may be w ritten  as
Zx = BD3-(B -t)(D -2T )3 
A 6D(2BT+t(D-2T))
I t  is  convenient to express the ve rtica l dimensions of the cross- 
section as proportions o f the overall depth, and express the horizontal 
dimensions as proportions o f the overall width. For th is  purpose 
the terms a and 3 are used where
T
a -  D 
and 3^ = i  .
Then in terms o f a and 3 the ra tio  Zx/A may be w ritten  as
1 -(l-g )(1 -2 a )3 
6(2a+3(l-2a))
Where the bracketed terms on the r ig h t hand side are independent 
o f the overall dimensions o f the cross section, and thus i t  can be
seen th a t the r ig h t hand side may be w ritten  as a lin e a r function o f
the cross-sectional depth D.
Therefore, one may w rite
= f  D ............ 2.3.
Where f  is  a function o f the ra tios between the d iffe re n t dimensions 
o f the cross-section and is  independent o f the actual dimensions o f 
the cross section. A consequence o f th is  is  tha t the cross-section 
could be enlarged or reduced in size about e ith e r or both p rinc ipa l 
axes w ithout a lte ring  the value o f f  . Therefore f  may be thought 
o f as a function o f the "shape" o f the cross-section.
Substitu ting fo r  Zx/A from equation 2.3 in equation 2.2 gives
afD
Equation 2.4 which is  an expression o f the governing design condition 
provides a convenient means fo r  investiga ting  the manner in which the 
cross-sectional area may be minimised.
Zx
T = D
Of the various items o f information required fo r the simple design 
o f a beam the bending moment M is  given, the magnitude o f the maximum 
tensile  or compressive stress o is  prescribed by the material properties 
and the manner in which the beam is  to be u tiliz e d . Therefore, both 
M and a may be considered as constants. The choice o f the overall 
depth o f the cross-section D often depends on c r ite r ia  other than i t ' s  
e ffe c t on the magnitude o f bending stresses, such as arch itectu ra l 
requirements and the needs of the mechanical and e le c tr ica l services.
The designer usually seeks a compromise with these other in te rests  to 
ensure tha t D is  large enough to allow a mass produced beam shape to be 
used, avoiding the need fo r a purpose b u il t  section.
This leaves only two terms which may be considered as variables, namely, 
the cross sectional area A and the function f  . From equation 2.4 i t  
can be seen tha t to achieve a minimum cross-sectional area one must 
maximize f .  Therefore, i t  follows tha t f  may be used as a measure 
o f the effectiveness o f a cross-sectional shape to re s is t bending 
stresses. That is ,  to achieve a minimum cross sectional area, and 
consequently a minimum weight, the function f  must be made as large 
as other factors such as the local buckling requirements w il l  allow^as 
w il l  be discussed in chapters 3 and 4.
Case (2)
Consider the system shown in F ig .2.1, fo r  case (2) i t  is  assumed tha t 
the material behaves in a pe rfec tly  p la s tic  manner. Within the region 
o f pure bending the maximum tens ile  and compressive stresses a t the 
extreme fib res o f the section are given by
Mmaximum tensile  stress a t = —
Zx
Mand maximum compressive stress ac = — .
Zx
where Zx is the p la s tic  modulus fo r the section about the X axis, 
and where as fo r  case (1) at and ac are numerically equal.
Therefore, a general expression fo r  the maximum tensile  or compressive 
stress may be given by
where a represents e ith e r the maximum tensile  or compressive stress.
M ultip ly ing  each side o f equation 2.5 by the cross-sectional area A 
and rearranging gives
A =........................... .............. 2.6 .
oZx
where as fo r the e la s tic  case the ra tio  Zx/A is  a lin e a r function 
o f the overall, depth o f the cross-section D and may be w ritten  as
= fD................. .............. 2.7.
The function f  has a ll the a ttribu tes  o f the e la s tic  function and 
therefore may be used as a measure o f effectivness o f a cross-sectional 
shape to re s is t bending stresses in the p la s tic  region.
Representation o f the E lastic  and P lastic  Bending E ffic iency Factors
I t  is  found tha t convenient lim it in g  values are achieved by working with 
a simple function o f f  rather than f  i t s e l f .  This function is  
referred to as the "Bending E ffic iency Factor" and is  denoted by e, 
where e is  given by
e = 2 f ........ .. 2.8.
Therefore, in terms o f equations 2.3 the E lastic  Bending E ffic iency 
Factor may be w ritten  as
or ex =
2 Zx 0 nex = ........   2.9
D A 
4 Ix
D2 A
where Ix  is  the second moment o f area o f the cross-section about the 
X axis.
In terms o f equation 2.7 the P lastic  Bending E ffic iency Factor may be 
w ritten  as
ex = i L i *    2:10.
D A
Exactly the same expression may be formed, with respect to the Y axis 
giving rise  to ey and ey. In the fo llow ing Sections where e is shown 
unsubscripted i t  is used to denote e ithe r the e la s tic  or p la s tic  
bending e ffic ien cy  fac to r about e ithe r neutral axis.
2.2.1 INVARIANT TRANSFORMATIONS
I t  is  possible to perform certa in transformations on a cross section 
without the value o f the bending e ffic iency  fac to r, these transformations 
are referred to as inva rian t transformations. The fo llow ing are some 
inva rian t transformations.
(1) M u ltip lica tio n  o f a ll the horizontal dimensions o f a cross- 
section by a constant fac to r.
(2) M u ltip lica tio n  o f a ll the ve rtica l dimensions o f a cross- 
section by a constant fac to r.
(3) Any combination o f the f i r s t  two invarian t transformations
an important example o f th is  transformation being photographic 
enlargement or reduction o f the shape.
Fig. 2.2 shows four cross sectional shapes each having the same 
value fo r  ex, shapes 2, 3 and 4 are the resu lt o f applying the 
inva rian t transformations on shape 1.
,Y
1   1 1—   ------------ 1
I — -X  2
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Fig. 2 . 2
2,3  L i m i t i n g  Values  of the  Be n d in g  Ef f i c i e n c y  Factor
The lim it in g  values o f the bending e ffic ie ncy  fac to r e are zero and 
unity. In practice neither o f these two lim itin g  values can be 
achieved since they correspond to shapes having impractical dimensions 
I t  is  however, useful to consider these lim itin g  values and they are 
discussed in the sequel.
2.3.1 UPPER LIMIT
Consider a beam in pure bending having a depth D and a cross sectional 
area A. To realize the maximum bending strength fo r th is  section i t  
is necessary to d is tr ib u te  the material in the cross section as fa r 
from the neutral plane as the overall depth w il l  allow. This can 
only be achieved by the shape shown in f i g . 2.3, which comprises two 
horizontal s trip s  o f m ateria l, distance D apart, extending to in f in i t y  
and having thicknesses approaching zero. These are joined by a ve rtica l 
s tr ip  which has a thickness approaching zero.
M
N neut ral  plane
Fig.  2 .3
For th is  imaginary cross-sectional shape the second moment o f area about 
the neutral plane can be expressed as
2
In = AD
and the corresponding expression fo r  en is  given by
Substitu ting fo r  In in th is  expression yields'
2
en = 4AD
4AD'
Thus, the upper l im it  o f en is unity.
2.3.2 LOWER LIMIT
Consider a beam in pure bending having a depth D and a cross-sectional 
area A. To realize the minimum bending strength fo r th is  section i t  
is  necessary to d is tr ib u te  the material in the cross-section as close to 
the neutral plane as possible. This is  achieved by the shape shown in 
f i g . 2.4, which comprises a s tr ip  of material that extends to in f in i t y  
and lie s  along the neutral plane and has a thickness tha t approaches 
zero. In add ition, there is  a ve rtica l s tr ip  o f depth D having a 
thickness approaching zero as shown in the f ig . 2.4.
ne ut ral  
plane
Fig.  2.4
Since the length of the ve rtica l s tr ip  is  f in i te  then i t ' s  area approaches 
zero. Therefore, the only possible contribution to the second moment 
o f area about the neutral plane comes from the horizontal s t r ip .  Since 
the depth o f th is  s tr ip  approaches zero then the second moment o f area 
is  bound to approach zero. Furthermore, the e n tit ie s  D, A and In can 
never be negative and as D and A are always f in i t e ,  by considering the 
expression fo r  en
4In en = —a— s
DA
i t  follows that zero is  indeed the lower l im it  o f en.
2 , 4  Ap p l i c a t i o n  of the  Be n d in g  Ef f i c i e n c y  Factor
From Section 2.3 i t  can be seen that the bending e ffic iency  fac to r 
provides a quantita tive  measure o f the a b i l i ty  o f a cross-section to 
re s is t bending stresses. Where the larger the value fo r e the more 
e ffe c tiv e ly  the material o f the cross-section is placed. To 
il lu s tra te  th is , values o f ex and ex have been calculated fo r  a number 
o f simple shapes, th is  information is  shown in Table 2,1.
Table 2*1
ex ex
T
>TT
T is assumed to be small compared to  the depth D.
2,5  The Bending Ef f ic ie n c y  of I -S ections
Consider the I-section  shown in f i g . 2.5
Y
i i
T
D
,T
h
B i
Fig. 2-5
From equation 2.9 the e la s tic  bending e ffic iency  fac to r ex is  given by
ex = 2 Zx .DA
where Zx may be expressed as
.  BD3 - (B-t)(D -2T)3
LX " 6D
and where the cross-sectional area A is
A = 2BT + t  ( D-2T).
Therefore, ex is given by
ex = Bp3 - <B: t T<D: r )3ex 3D(2BT+t(D-2T))
This may also be w ritten  as
 2.11
where a and 3 are as discussed in Section 2.2, namely
and B = -g- »
where a is  referred to as th e '"re la tiv e  flange
thickness"
and 3 is referred to as the "re la tive  web
thickness.
The re la tive  flange thickness has a range from 0 to | .  When a is 
| ,  the flange thickness is  h a lf the section depth and therefore the web 
as such, no longer exists and the shape degenerates in to  a rectangle.
The re la tive  web thickness has a range from 0 to 1. When 3 is  1, 
the web thickness equals the flange width and the shape degenerates 
in to  a rectangle.
These lim it in g  values are o f in te re s t but, do not re fe r to practica l 
I-sections. By using the values o f a and 3 between these lim its
i t  is  possible to  use equation 2.11 to examine the varia tion  o f the 
bending e ffic ie n cy  fac to r over the whole range o f possible doubly 
symmetric I-shapes, as w il l  be shown in the fo llow ing Sections.
A s im ila r expression may be obtained from ix .  From equation 2.10 the
p la s tic  bending e ffic ie ncy  fac to r ex is  given by
- _ 2 Zx 
e x  "  ~ W  >
where Zx may be expressed as
2x = BD2 -(B -t)(D -2T)2 ,
and the cross-sectional area is  given by
A = 2BT + t(D -2 t) ,
where the notation is as shown in f ig . 2.5.
Therefore, ex may be w ritten  as
- _ BD2 -(B -t)(D -2T)2
ex '  2D(2bT + t(D-2T)) '
A lte rn a tive ly , using the re la tive  flange and web thicknesses as 
explained before, ex may be w ritten  as
pv _ 4 a ( l - a )  + (1 -2a) 3 
6X '  2(3+2a(T-l'J'] 2 .12 ,
The expressions fo r ey and iy  may be obtained in a s im ila r fashion 
with the resu lting  equations being
and
rv _ + ( 1 - 2 a ) 3
ey '  3($+2a(T-e)7
_ 1 -d -2 a ) ( l-B 2) 
ey -  id ( 6+^«( I - 6 ) )
  2.13
 2.14.
2 ,6  Range o f  Values f o r  e x ,  i x ,  e y  and ey
The upper l im it  fo r  values o f ex and ex occur at a = 0, g = 0 
and th is  corresponds to the shape shown in f ig . 2.3. The lower l im it  
fo r  the values o f ex and ix  occur at a = | 9 3 =1 and th is  corresponds to 
a rectangle.
The upper l im it  fo r values o f ey and ey occur at a = 0 , 3 = 0  and th is  
corresponds to a rectangle. The lower l im it  fo r the values o f ey and ey 
occur at a = |, 3=1 and th is  corresponds to the shape shown in F ig .2.4. 
These lim it in g  values may be obtained by substitu ting  appropriate values 
o f a and 3 in equations 2.11 to 2.14. The resu lting  values are 
displayed in Table 2.2.
Table 2.2
Shape
I
I
Bending
E ffic iency
Factor
ex
ex
ey
ey
a=|,3=1 
lower 
l im it
3/3
1/2
a=0,3=0
upper 
1 i  mi t
1/3
1 /2
2,7  Va r ia t io n  of ex and ex
One can use the expressions 2.11 and 2.12 to p lo t ex or ex versus a 
fo r a range o f values o f 3 to show the varia tion  in bending 
e ffic iency  w ith respect.to change in cross sectional shape. This is  
done in Figs. 2.6 and 2.7, the former re la tin g  to ex and the la t te r  to 
ex.
The curves in these figures show a s im ila r behaviour, i n i t ia l l y  as 
the re la tive  flange thickness a is  increased the bending e ffic ie n cy  
fac to r is  increased u n til a maximum is reached, a fte r which, any fu rth e r 
increase in a results in a reduction in the bending e ffic ie n cy  fa c to r.
At a the value o f ex or ex is  the same as tha t re la ting  to a = 0, 
with both the values corresponding to a rectangular shape.
I t  w i l l  be seen tha t as the re la tive  web thickness 3 is  increased the 
value o f a at which ex or ex is a maximum becomes progressively la rger. 
In addition as 3 is  increased the corresponding maximum value o f ex 
or ex becomes smaller.
A function may be derived fo r  the e la s tic  case, which, fo r any 3 y ie lds  
the value o f a at which the bending e ffic iency  facto r ex is a maximum 
The function may be obtained through the lim it in g  processes o f calculus. 
This is  achieved by se tting  the p a rtia l derivative  o f ex w ith respect to a 
to zero and solving the resu lting  equation.
From equation 2.11 the bending e ffic ie ncy  fac to r ex is  given by
3
Letting
u = 1- (1 -3 )( l ” 2a) 
and v = 3(3+2a(l-3 )),
3
then
V 1H - u —
3a 3a
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9 6 Xand by setting —r— to zero one obtainsPCX
where
V|U  _ L13V = 0 ............
da 3a
and | i  = 6(1-6).
Substituting these terms in to  equation 2.15 yields
3(B+2a(l-B))(6(1-6)(1-2<x)2) - ( l-(1 -B )(1 -2a )3)(6(1-B)) = 0 ,
which may be s im p lif ied  to give
<x3(8(1-$))+ a2(6(2g-1)) -a(66) + 6= 0.
Solving th is  cubic equation * y ie lds three roots one. of which is 
relevant and is  given by
(1-23)-2 sin L ....  3
s in "1 (232-43+l)
4(1-3)
 2.16
Henceforth the optimum value fo r  a obtained from th is equation w i l l
be denoted by a .o
A s im ila r function may be obtained fo r  the p las t ic  bending e ff ic iency  
factor ex, where from equation 2.12 ex is given by
ix  = MT-oQ + ( l-2 a )23 
2(3+2a(l-3))
Proceeding in a s im ila r  fashion one obtains
*The solution fo r  th is  cubic equation is shown in Appendix B.
Substituting these terms in to  equation 2.15 results in
2(B+2a(l-B))(4(l-B)(l-2a)) - (4a(l-<x)+(l-2a)28)(4(l-e))=0,
which may be s im p lif ied  to
a2(4(B-l)) -a(4B) + B= 0.
One o f the roots o f th is  quadratic equation is relevant and is  
gi ven by
1
Henceforth, the optimum value fo r  a obtained from this equation 
w i l l  be denoted by ■’s .
Figs. 2.8 and 2.9 have been plotted using equations 2.11 and 2.12
(with 3 as the dependent variable and a as the independent var iab le),
fo r certain values o f the bending e ff ic iency  factors ex and ex. Included
on each figure is the curve indicating the optimum values o f re la tive
flange thickness a or a which is shown dotted.3 o o
Consider the intersection o f  the aQ curve with one of the bending 
e ff ic iency  contours shown in F ig .2.8. I t  w i l l  be noted that the 
bending e ff ic iency  factor is nearly f l a t  ( in  re la tion to the a axis) 
e ithe r side o f the in tersection. That is ,  fo r  any value o f B there 
exists a band o f  a values e ither side o f  the aQ curve having s im ila r
Values o f bending e ff ic iency  to that at aQ. This is found to be true
fo r  both e la s t ic  and p las tic  cases.
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Fig. 2-11 Plastic Bending Efficiency Surface d *.
This region o f f l a t  response becomes progressively smaller as the 
°o or °o curve aPP*"oaches the o r ig in ,  where, the bending e ff ic iency  
factor becomes re la t iv e ly  sensitive to changes in a and/or 3 .
I t  w i l l  be noticed tha t only a part in e ither of the figs 2.8 and 2.9 
is o f-p ractica l significance. This region is bounded by 0<$<0.2 
and 0<3<0.2. I t  is also in th is  area where the bending e ff ic iency  
factor ex or ex is most sensitive to changes in a and 3 .
Figs. 2.10 and 2.11 show a three dimensional representation o f Figs.
2.8 and 2.9. From Figs 2.10 and 2.11 i t  may be seen that the bending 
e ff ic iency fac tor p lotted in three dimensions, in the space 
represented by the axes e, a and 3 , is  a surface, and in the sequel 
where the phrase bending e ff ic iency  surface is  mentioned i t  is  used
in th is  sense.
2 . 8  S i m i l a r i t i e s  between a0 and “ 0
In Fig.2.12, the values o f aQ and aQ nave been plotted versus 3,
i t  w i l l  be noted that the curves are o f s im ila r shape and position.
In Section 2.7 i t  was shown that the bending e ff ic iency factors ex
or ex, have a f l a t  response e ithe r side of the a or ci curves.
0 0
I t  is  found that any point on the aQ or aQ curves w i l l  l ie  w ith in 
the region of f l a t  response fo r  the other, and vice versa. From th is  
one can conclude that a cross-section which has an optimum shape (in  
re la tion to i t s  3 value) fo r the p las t ic  case w i l l  also be near optimum 
i f  considered fo r  the e la s t ic  case, and vice versa.
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2 , 9  Shape Factor
In Section 2.2 i t  was shown that fo r  the same shape the p la s t ic  
bending e ff ic iency  factor is larger than the corresponding e la s t ic  
bending e ff ic iency  factor. The ra tio  ex/ex turns out to be what in 
simple p las t ic  design is  referred to as the "Shape Factor" which is 
used to denote the ra tio  Zx/Zx . To i l lu s t ra te  th is i t  is  only 
necessary to note that
2 Zx
ix  T
DA
ex 2 Zx
which implies that
ex Zx
ex ~ Zx
2 ,1 0  Va r i a t i o n  of ey and ey
One can use equations 2.13 and 2.14 to p lo t ey or ey versus B
fo r a range o f values o f a to show the variation in bending e ff ic iency .
This is done in Figs. 2.13 and 2.14. Unlike the ex and ex surfaces
which are convex, the ey and ey surfaces are concave and have the
optimum value fo r  bending e ff ic iency occuring along the boundaries.
This is also shown in Figs. 2.15 and 2.16, where a is p lotted versus 8 
fo r  various values o f ey and ey. The boundaries correspond to a 
rectangular shape, therefore, obtaining the optimum bending e ff ic iency  
about the Y axis results in an impractical shape i f  a reasonable 
performance about the X axis is also required.
Within the region 0<a<0.2 and 0<B<0.2 small changes in a and 8 
resu lt in large changes in the bending e ff ic iency factors ey and ey, 
which is s im ila r to the case o f ex and ex. I t  may be seen that in th is
region, and more p a rt icu la r ly  the portion o f the area below the aQ and 
aQ curves, the direction o f increasing e ff ic iency is s im ila r fo r  both X 
and Y axis cases. That is ,  given a value fo r  a and 8 w ith in  th is  
region, reducing the re la tive  web thickness results in a larger value fo r  
bending e ff ic iency  fo r  both cases. This is however, not necessarily
the most e ffec tive  means of obtaining a larger value of bending 
fa-ctor.
Figs. 2.17 and 2.18 show a schematic representation of the ey and 
surfaces.
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Fig. 2*17 Elastic Bending Efficiency Surface C<\.
2*18 Plastic Bending Efficiency Surface 69.
2,11 Va r ia t io n  in  Shape
So fa r ,  the bending e ff ic iency  factor has been considered in a 
s t r i c t l y  non-dimensional form. Such tha t, fo r  any point ( a , 3) 
on the bending e ff ic iency  surface corresponds to an in f in i te  number 
o f shapes (re lated to one another by appropriate invariant trans­
formations). This however, is not the only way in which the concept 
o f bending e ff ic iency  factor can usefully be employed.
Consider the equation fo r  the e las t ic  bending e ff ic iency factor
CA " D A
I t  w i l l  be seen that by f ix in g  the values o f two out o f the three terms,
D, A and Zx on the r ig h t hand side, ex w i l l  be related to the th ird  
term. Therefore, the bending e ff ic iency surface may be used to show 
the variation o f the e ff ic iency  o f the cross-sectional shape with 
respect to one o f the terms D, A or Zx. One consequence of th is
is that i t  is possible to obtain a unique shape corresponding to a 
point on the bending e ff ic iency surface as w i l l  be i l lu s t ra te d  below.
A useful means of c lassify ing cross-sectional shapes is with respect 
2to the ra tio  A/D . The present set o f B r it ish  Universal Beam sections
o 2 2occur w ith in a small range of A/DS namely, from A/D = 0.03 to A/D = 0.08,
2with the majority o f sections occunng between the l im its  A/D = 0.035 
2to A/D = 0.055. A choice o f values fo r  a and 3 w i l l  determine a point
on the bending e ff ic iency surface. In addition, a choice of values fo r
2
A and D w i l l  f i r s t l y  determine the value fo r  A/D and consequently the 
other dimensions o f the cross-section, namely T, t  and B may be 
obtained using the following relations
Flange Thickness T = aD,
Flange Width B = A / ' (D(3+2a(l-3))
and Web Thickness t  = bB.
Having found the dimensions o f the cross section in terms o f a, 3,
2A and D one can obtain the shape related to the ra tio  A/D at any point
on the bending e ff ic iency surface. Figs. 2.19 and 2.20 show the
2 2 variation in shape using the values of A/D =0.30 and A/D =0.40
respecti vely. I t  w i l l  be noted that only a small portion o f the 
surface gives r ise to practical shapes. This region is bounded by 
0<a<0.2 and 0<B<0.2, which confirms the l im its  suggested in Section 
2.7. Fig. 2.21 shows an enlarged view of a part of th is area using 
a value o f 0.05 fo r  A/D . The shapes corresponding to the 3 axis 
should be represented by rectangles, however, to show the extreme 
shapes that occur as a tends to zero a small positive o ffse t has been 
added to a=0.
Another useful means of c lassify ing cross-sectional shapes is with
3respect to the ra tio  Zx/D . The present set o f universal beam
3 3sections occur w ith in a small range of Zx/D , namely, from Zx/D =0.01
3
to Zx/D =0.03 with the majority o f sections occuring between the
l im its  Zx/D^ =0.011 to Zx/D^ =0.018. A choice o f a and 3 w i l l
determine a point on the bending e ff ic iency surface. In addition,
a choice o f values fo r  Zx and D w i l l  f i r s t l y  determine the value 
3
fo r  Zx/D and consequently the other dimensions o f the cross section 
may be obtained using the following relations .
Flange Thickness T = aD,
Cross-sectional area A = ^ - “ 7 >
Flange breadth B = A/(D(3+2ot( 1-3 ))
and Web Thickness t  =3B.
Having found the dimensions in terms o f a and 3 one can obtain the
3
shape related to the ra tio  o f Zx/D . Fig. 2.22 shows the varia tion
3in shape using the value fo r  Zx/D of 0.017, where the change in ex 
is related to change in cross-sectional area.
The f in a l pa ir o f terms which may be used are Zx and A. For th is  case 
the dimensions o f the cross-section are given by
2 ZxSection depth D = ,
Flange thickness T = aD ,
Flange breadth B = A/(D(3+2a(l-3))
and Web thickness t  = bb.
Fig .2.23 shows the variation in depth fo r  a constant Zx and A. 
Although examples have been shown fo r  the e las t ic  bending e ffic iency 
fac to r, any of the other surfaces discussed so fa r  may also be used.
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CHAPTER 3 
BOUNDARY CONDITIONS
3.1  Restr ic tio n s  to Cross-Section  Shapes
In Chapter 2 the concept of the bending e ff ic iency factor was 
introduced as a means o f assessing the a b i l i t y  o f  a cross-section to 
res is t bending. However, the design o f a beam involves a compromise 
between various co n f l ic t in g  requirements. Bending strength, although 
o f primary importance, is only one of many influences on the f ina l 
shape. Some o f the factors which may a ffec t the shape o f the cross- 
section are l is te d  below.
(1) The need to achieve an optimum (least cost or least 
weight) shape to res is t in service stresses.
(2) The need to prevent local and/or overall in s ta b i l i t y  
o f the beam.
(3) The need to produce the beam in the most economical 
way, i .e .  w ithin the lim ita t ions  of the production 
process used.
This Chapter describes some o f these other considerations exemplified 
by (2) and (3) above which may influence the choice of cross sectional 
shape. I t  then describes how these constraints may be used to form • 
boundaries to the bending e ff ic iency surface described in Chapter 2. 
The l i s t  of constraints considered here is not exhaustive, but the 
techniques used in th is  Chapter are applicable to other forms of 
constraints.
3 .2  Production Process Constraints
The following describes some constraints imposed by the hot ro l l in g  
process.
3.2.1 HOT ROLLED SECTIONS
Hot ro l l in g  is the process by which a large proportion o f the steel 
I-sections used in the engineering industries are produced, i t  is  also 
a process which imposes severe res tr ic t ions  on the p ro files  that can 
be achieved.
3.2.2 RESIDUAL COOLING STRESSES
A major l im ita t io n  on hot ro lled  shapes relates to the ra tio  of flange 
thickness to web thickness, T / t ,  which should not exceed 1.6 ( r e f .4).
The value o f th is  ra t io  is a good measure o f the magnitude of thermal 
residual stresses which are "locked in "  the section during cooling.
I f  th is  ra tio  has a value o f 1 which is a practical lower boundary fo r  
the production o f p ro fi les  (some column sections have a ra t io  o f T / t  =1) 
then the residual stresses are o f low magnitude and d is tr ibuted evenly 
across the p ro f i le .  I f  the ra tio  exceeds 1.6 the d is tr ibu t ion  becomes 
more "peaky" and the to ta l locked in stresses are higher. This can
result in the web buckling as the section cools and also in poor
performance i f  used as a compression member in a structure.
The reason fo r  th is  variation in the magnitude and d is tr ibu t ion  o f thermal 
residual stresses may be explained as follows. A fter leaving the ro l l in g  
stands and having been sawn to length the sections are l e f t  to cool.
To ensure even cooling they are stacked with th e ir  webs vertica l and with
th e ir  flange t ips  touching those o f the adjacent sections. The centre o f
web and the flange tips cool and gain strength faster than the areas of 
flange around the web junction, thus, when th is  mass of material f in a l ly  
cools and tr ie s  to contract the flange tips and the majority of the 
web res is t  th is  shrinkage and are put in compression and the slowest 
cooling areas are held in tension. I t  may be seen that i f  the value o f 
the ra tio  fo r  flange thickness to web thickness is  high the web w i l l  tend 
to cool quickly and thus the magnitude of the cooling residual stresses 
w i l l  be large. An acceptable maximum value fo r  the ra tio  T / t  has been 
found to be 1.6, p ro files  ro lled  at th is value or below are not prone to 
web buckling on cooling and have an adequate s t ru t  behaviour.
3.2.2 MATERIAL PROPERTIES
Another reason fo r  using the constraint T/t<1.6 fo r  hot ro lled  sections 
is to reduce the variation in material properties through the cross- 
section. The rapid cooling o f the flange tips and web resu lt in 
the micro structure o f the steel varying over the cross section.
This results in d if fe re n t material properties at d if fe re n t parts of 
the cross-section. As a consequence the web material has a d if fe re n t 
y ie ld  strength to that of the flanges.
Tests carried out on series o f sections where th is  ra tio  varied from 
1.4 to 1.78 gave an average flange y ie ld  strength o f 95.3 percent o f 
the average web y ie ld  strength ( r e f . 4).
3.2.3 ROLLING
Additional cooling problems occur during the ro l l in g  process, where fo r  
certain types o f ro l l in g  stand, sections having a web slenderness greater
than 56 (where web slenderness is given by (D-2T)/-t) are unable to be
r
ro lled , due to web buckles occur;ing during the la t te r  ro l l in g  passes.
The web cools so rapidly during the ro l l in g  process that unbalanced 
d raft ing occurs between the flange and web, resulting in the web forming 
buckles along i t s  length.
3.2.4 COLD STRAIGHTENING
The uneven cooling o f  the sections and the methods by which they are 
transported and cut to length w h ils t hot results in beams and columns 
rarely complying with the specifications la id  down fo r  overall s t ra ig h t­
ness ( r e f . 5). To bring sections within the straightness tolerance required 
by B.S.4. they are cold ro lled  in a ro l le r  straightening machine (see 
Fig.3.1). This consists o f  seven or nine ro l ls  arranged in two rows in 
a single housing with e ithe r a l l  or the bottom row o f ro l ls  driven.
The top ro l ls  are placed midway between the bottom ro l ls  and may be 
adjusted v e r t ic a l ly  by screws. These are positioned to give a successively 
smaller o ffse t towards the output end of the machine, each top ro l l  making 
less deformation than the preceding one. The machine deforms the section 
about i t s  weaker axis, the ro l ls  applying th e ir  loads to the root rad ii
M:
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Fig. 3*1
and part o f the web. As a resu lt the flange tips are p la s t ic a l ly  
deformed successively in tension and compression. I f  the section 
has wide flanges and a thin web there is a tendency for the web to be 
torn away from the flanges during the process. To prevent th is  
ro l le r  straightening is res tr ic ted  to sections having a flange width to 
web thickness less than or equal to 18 ( re f  5 and 6). For p ro f i les  
having a higher value o f flange slenderness the sections have to be gag 
straightened which is a slow operator dependent process and is uneconomic 
fo r  high output ro l l in g  m il ls .
3.2.5 FEEDSTOCK AND PLANT
In addition to the p ro f i le  l im ita t ions  so fa r  mentioned there are also 
l im its  to the overall size o f section which may be ro lled , th is  being 
a function o f the type of ro l l in g  stand, size of b i l l e t  or continuous 
cast strand available and capacity o f the slab reheating furnaces.
3 ,3  Welded Sections
The production o f steel I-shapes by welding imposes two main constraints 
on the shape as explained below.
3.3.1 FEED STOCK
Only a lim ited  range o f f l a t  plate thicknesses are ro lled and some of 
these have price extras as a result o f being produced in l im ited  
quantit ies. There are therefore a range o f preferred thicknesses o f 
material which may be used fo r  flange and web plates. I t  is usually 
uneconomic to reduce the width of ro lled  plate which in consequence 
dictates the depth and width o f  the section. Thus, cross-sectional shapes 
are l im ited  to a discrete set o f sizes.
3.3.2 WELDING
I t  has been shown that weld shrinkage residual stresses cause flanges 
to turn inwards during the welding process. To avoid taking special 
measures to prevent th is  occurring the flange outstand slenderness (B-t)/2T 
is res tr ic ted ,
3,4 Design Code Constraints
Some constraints imposed by design codes o f practice are described 
below.
The structura l steel design codes o f practice l im i t  the slenderness 
of both web and flanges to prevent the occurrence o f local or overall 
in s ta b i l i t y .  Resistance to local in s ta b i l i t y  is a function o f the cross- 
sectional shape and the material properties. Therefore, the constraints 
l im it in g  web and flange slenderness may be used d ire c tly  with the 
bending e ff ic iency  surfaces developed previously.
The local in s ta b i l i t y  constraints discussed in the sequel relate 
e ithe r to an "e la s t ic a l ly "  designed system or a "p la s t ic a l ly "  designed 
system. In the la t te r  the l im its  are such as to allow a p la s t ic  hinge 
to fu l ly  develop in the element without in s ta b i l i t y  occurring and thus 
enable the sections f u l l  rotation capacity to be achieved. They are 
therefore more severe than the l im its  fo r  e las tic  design.
3.4.1 LOCAL INSTABILITY -FLANGE SLENDERNESS
Flanges are subject to a l im i t  to prevent local buckling occurring.
The l im i t  depends whether the section is produced by hot ro l l in g  or 
welding. In the la te s t codes o f practice welded sections are subject 
to more severe l im its  due to the high residual stress present around 
the web to flange junction. The l im its  presently in use a r e : . :  : :v  
shown in F ig .3 .2a.
3.4.2 LOCAL INSTABILITY -WEB SLENDERNESS
The web local buckling l im i t  is  also dependent on the production process 
used. In the la te s t codes of practice welded sections again being subject 
to more severe l im its  than hot ro lled  sections. The l im its  fo r  web 
slenderness presently in use are shown in Fig.3.2b.
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3,5  Tabulatio n  of Constraints
The constraints mentioned previously are summarized in Table 3.1.
Table 3.1
Constraint Design Code o f Practice Production Process
Flange 
Slenderness 
B/T <const.
L im it fo r  compression 
flange slenderness, p las t ic  
design (local s ta b i l i t y )
Flange
Outstand
(B-t)/2I<const.
L im it fo r  compression 
flange slenderness, e la s t ic  
design (local s ta b i l i t y )
l im i t  to prevent 
1 turn in ' o f  flanges 
during welding
Web
Slenderness
(D-2T)/t<const.
L im it fo r  web slenderness 
e la s t ic  and p las tic  
design(local s ta b i l i t y )
l im i t  to prevent web 
buckles forming 
during the ro l l in g  
process
D/T^const. Overall s ta b i l i t y  
c r i te r ia  fo r  s t ru t  
behaviour and la te ra l 
torsional buckling 
(length dependent)
B/t<const. l im i t  to prevent web 
tear during the r o l le r  
straightening o f hot 
ro lled  sections.
Aspect Ratio 
D/B<const.
l im i t  imposed by 
feedstock and/or 
production plant.
Flange th ick ­
ness to web 
thickness ra t io  
T/t<const.
l im i t  to prevent web 
buckles on cooling o f 
hot ro lled  sections 
due to high residual 
stresses.
3,6 Formulation of Boundaries
This Section indicates how the constraints discussed so fa r may be 
expressed in terms of a and 6 , and used to form boundaries to the 
bending e ff ic iency  surfaces described in Chapter 2. They are derived 
to su it  two modes of use o f the bending e ff ic iency factor:
(1) Non-Dimensional Mode
In th is  mode, any point (a,$) on the bending e ff ic iency  
surface corresponds to an in f in i te  number o f possible cross- 
sectional shapes (related to one another by appropriate 
invariant transformations). To rearrange the constraints 
to s u i t  th is  mode i t  is necessary to f i x  two of the dimensions 
D, B, T or t .  In th is  respect the following two ratios have 
been found usefu l.
The ra t io  o f flange thickness to web thickness T/t' 
denoted by e , 
and the aspect ra t io ,  D/B denoted by y \
(2) Dimensional Mode
In th is  mode, any point (<x»B) on the bending e ff ic iency
surface represents a unique cross-sectional shape related
2 3 - 3to one o f the ratios A/D , Zx/D or Zx/D .. In th is  mode
i t  is  necessary to f i x  the value o f A and D or Zx and D or
Zx and D, where:
2The ra t io  A/D is denoted by \|»,
3The ra t io  Zx/D is denoted by tt
- 3 -and the ra t io  Zx/D is denoted by -n.
Two examples are now given to show the formulation of the web 
slenderness constraint in terms of a and 3.
Example 1 - Non-Dimensional Mode
The web slenderness inequality is given by
Where, D, T and t  are as shown in F ig .2.5, and where C is a numeric
constant having a range dependent on the grade o f material as discussed 
in Section 3.4.
The inequality  may be w ritten  as
The ra t io  may be written as
and the ra t io  i  may be written as
ay .
“
Therefore, the inequality  may be written as
*  -  S C.
8 3
or B a r d - f r )  ........ 3 . 1 .
c
Equation 3.1 is the web slenderness constraint expressed in terms of a 
8 and y .
A s im ila r process may be adopted to express the constraint in terms o f a 
8 and e .
The ra tio  ^  may be written as 
e_
a
2Tand 2 e = ~  *
Therefore, the inequality  may be w ritten  as
or a > e 3.2.
2e+C
Equation 3.2 is  the web slenderness constraint expressed in terms o f a 
B and e .
Example 2 - Dimensional Mode 
The inequality  is  given by
where T and t  may be expressed as
T = Da 
and t  = Bb
Therefore, the inequality  may be w ritten  as
The cross-sectional area A is given by
A = 2BT + t ( D - 2 T )  
or A = 2BDa + >BBD(l -2a)
Consequently,
B -  A
D "  2Da + B B ( l - 2 a )
.. 3.3.
Substituting fo r  B from equation 3.4 into equation 3.3 gives
A > D ( l - 2 a )
2Da + 3 D ( l - 2 a )  CB
or
B ^
or
2aD2 (1 -2 a )  
AC-D2 ( l - 2 a ) 2
6 > J gi b M  ■   3 .5 .
\ p C -  ( l - 2 a )
Equation 3.5 is the web slenderness constraint in terms o f a 
B and if; .
A s im ila r process may be adopted to express the constraint in terms 
3 and ft .
The inequality  is  given by
M I , c. ■
from the las t formulation
B ,    3.6
CB
and B = D(e(1-2a)+?£)“  3-7‘
The cross sectional area A may be w ritten as
A -  U *  'M D ex *
where from equation 2 . 1 1  ex is given by
.  l - ( 1 - B ) ( 1 - 2 a ) 3
ex ‘  3 (2a + B ( l - 2 a ) )
Therefore, equation 3.7 may be rewritten as
Substituting fo r  B from equation 3.8 into equation 3.6 gives
6 Zx > D(1-2a)
or
1 - n - 2 c t ) 3>
or 3 > 1 - ( 1 - 2 a ) 3   3.9.
Equation 3.9 is the web slenderness constraint in terms o f a ,  
and ft .
A s im ila r process may be adopted to express the constraint in 
terms of a ,  3 and ft .
The inequality  is  given by
From the la s t  formulation
P > D(l-2a)
B "  C3 3.10
3.11.
The cross-sectional area A may be w ritten as
D ex
where from equation 2 . 1 2  ex is given by
4 a ( l - a ) + ( l - 2 a ) ^ £  
ex  = 2 ( e ( l - 2 a  )+Z5T)“ —  *
Therefore, equation 3.11 may-be rewritten as
B = 4 Zx_________
D ^ ( 4 a ( l - a ) + ( l - 2 a ) ^ £ )
  3.12
Substituting fo r  B from equation 3.12 into equation 3.10 gives
4 Zx___________ > D(l-2oQ
D2 ( 4 a ( l - a ) + ( l - 2 a ) 2 f5) Cg
or
4 a ( 1- a )
4-Zx £ - ( l - 2a ) 2
D3 ( l - 2 c t )
or
4aO.:.a.)........    3 . 1 3 ,
-  (1 - 2 a ) 2 
( l - 2 a )  ♦
Equation 3.13 is the web slenderness constraint in terms o f a 
£ and 5.
Tables 3.2 and 3.3 show a l l  the constraints considered in  th is  Thesis 
formulated in terms o f a , 6 and one o f e , y , $ or ft . Table
3.2 relates to the non-dimensional cases and Table 3.3 relates to the 
dimensional cases.
To conclude th is  Chapter each o f the constraints is p lotted (F igs .3.3 to 
3.14) on the bending e ff ic iency  surfaces. Appropriate values fo r  the 
constant C are used, each constraint being p lotted in three forms.
1) Non-dimensional mode with y = 2.
2) Non-dimensional mode with e = 1 .5 .
3) Dimensional mode with \(j = 0.05.
TABLE 3.2
BASIC
CONSTRAINT
EQU[VALENT NOfi-DIMENSIONAL CONSTRAINT
For
y = d / b
Fig.
No.
For
e=T/t
Fig.
No.
B -  C 
T  "  1
1
a -  yrCy
3.3
• ■ f e
3.4
ii O _ 1-3 a 2 Cy 3.6 B “ 1+2C6 3.7
D-2T r 
t  L
Y(1 “ 2a) 
6~ C 3.9
e
a " C+2e 3.10
D -  C T  L
1
a C • ■ i
B = C t  L ■■ T
D
F
a = —
Y
3.12 a =
Y
T
t
c. _j93 
Y
_ 63 a = -------
Y
The constraints are shown as equalities in th is  table fo r
use in f igs . 3.3 to 3.14.
TABLE 3.3
BASIC EQUIVALENT DIMENSIONAL CONSTRAINT
rAMCTDATMT
For o 
$ = A/D
Fig.
No.
For o 
n = Zx/D
Fig.
No.
_ i|;-2Ca2 
P Ca(1-2a) 3.5 RC. S  ' l + ( l ' 2 a ) 3
( 1- 2a ) 3 •s-
i|;-4Ca2
\fi+2Ca(1-2a) 3.8
§  -1  + ( l - 2a) 3
6 § +  ( l - 2 « ) 3
4-
CDCOOsz+■>
O
D-2T e 2a( 1 “ 2a) 3.11 1 - (T - 2ct) 3
S-fO
t  ^ c " >C - ( l - 2 a )Z P 6S2C n  9 x3 T T 2a) ’  (1_2o)
•1—
E•r—CO
—
ij o
 
II o 1 . a " C . - i
CDCtr-<u-Q
“O
‘ ■ i  '
4->4-J•r—
EO
a>
f  = c
p _ C\j;-2a
~ 1 - 2a 3.13
_  6oC-l+(l-2a ) 3» ------------5—
(1 - 2 a)
fO
Q)CO(U_ch-
T = c 2a2 3.14 e= ir% 0 - 2 « ) 3t  L M t|X-a(1 - 2a) 6 fiC n  9 v3
The constraints are shown as equalit ies in th is table fo r  use
in f igs . 3.3 to 3.14.
Fig. 3.3 shows the flange slenderness constraint plotted in dimensional 
mode. The graph at the top of the page indicates the boundary which 
the constraint forms to e las t ic  bending e ff ic iency surface ex. The 
region above the constraint l ine  sa t is f ies  the condition that the 
flange width to flange thickness ra t io  does not exceed 15.25.
The lower graph shows three typical values o f the inequality constant 
plotted to a larger scale. I t  is in th is  section o f the surface bounded
approximately by a from 0.0 to 0.15 and 3 from 0.0 to 0.15 that the 
majority o f useful steel I shapes l ie .
Although Figs. 3.3 through 3.14 show the constraints as boundaries to 
the ex surface any o f the other surfaces re la ting  to ex, ey and ey 
described in  Chapter 2 could also be used.
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CHAPTER FOUR 
SHAPE SELECTION
A,1 I ntroduction
The hot ro lled  beam shapes have evolved over many years. As production 
techniques improved and the ro l l in g  process became better understood i t  
was possible to r o l l  sections having thinner webs and to reduce flange 
tapers and the size o f root ra d i i .  These gradual changes to the 
geometry o f ro lled  shapes resulted in sections having improved ra t io 's  
o f bending strength to weight. In addition the d is tr ibu t ion  o f section 
properties w ith in the range of ro lled  beams also changed. The least 
popular sizes (which also tended to be the least s tru c tu ra l ly  e f f ic ie n t  
shapes) being dropped from the range, and new sections added to f i l l  the 
gaps in the range of properties or providing a greater choice o f flange 
widths fo r  the most popular section depths and weights.
With the advent of new structura l design procedures, fo r  example 
p las tic  design and the introduction o f higher grades o f steel i t  has 
become necessary to reappraise the current range o f ro lled  beam and column 
sections. To th is  end an I.S.O. committee has been formed to investigate 
the production o f a new range o f sections to give greater scope fo r  the use 
of ro lled  sections with the new design methods, and also to gain the 
maximum advantage from the use o f higher grades o f steel. This committee 
has deliberated over many years but as yet has been unable to reach a 
decision.
One o f the problems encountered when designing a new range o f ro lled  shapes 
is that o f reconciling the various con fl ic t ing  requirements o f the 
production process and the needs of structura l design. Normally each o f 
these requirements is considered in iso la tion  and then an i te ra t iv e  
procedure is invoked to reach a satis factory compromise. In th is  Chapter 
a useful aid to th is  process is discussed, whereby many of the aspects of 
the design may be considered together enabling th e ir  re la tive  e ffe c t on one
another and on the design as a whole to be seen. The technique 
involves the use o f the bending e ff ic iency  factor discussed in Chapter 
2 and the constraint boundaries introduced in Chapter 3.
The word "design" is used in the present context to imply the 
proportioning o f an optimum ro lled  structural shape, and not in i t s  
usual form re la ting  purely to the design o f an element o f a structure.
The techniques discussed in th is  Chapter may also be used in other 
contexts. For example, to proportion stiffened plate g irders, with 
the added advantage of being able to consider many aspects o f the 
design together.
4.2  Combination  of Constraints
By combining two or more o f the constraint boundaries introduced in 
Chapter 3 i t  is possible to p a r t i t io n  the bending e ff ic iency  surfaces 
ex, ex, ey or ey in to  feasible and infeasible regions fo r  design 
purposes, where,
a feasible region is the segment o f the bending e ff ic iency  
surface w ith in which none of the constraints are v io lated
and an ir.feasible region is the part o f the bending e ff ic iency  
surface where one or more of the constraints are violated.
P lotting the combination o f constraints on the bending e ff ic iency  
surfaces, in addition to showing the feasible and infeasib le regions, 
allows one to assess the re la tive  importance o f each constraint. That 
is ,  one can gain an idea o f the re lationship between the various 
constraints, and also between the constraints and the bending e ff ic iency  
surface. The remainder o f th is Section is devoted to discussing the 
combination of constraints in re la tion to the two modes o f use o f the 
constraint boundaries and the bending e ff ic iency surfaces as discussed 
in Chapters 2 and 3.
4.2.1 CONSTRAINT COMBINATION IN TERMS OF THE ASPECT RATIO y
Figs. 4.1 to 4.4 indicate the constraint boundaries in terms o f  a constant 
aspect ra tio  y (using the equations shown in table 3.2), these are p lo tted
on the bending e ff ic iency  surface ex. Each figure shows the feasible 
region which yie lds shapes suitable fo r  both e las t ic  and p las t ic  design 
shaded in brown, and the region suitable fo r  e las t ic  design *.shaded - 
in red. Note that the feasible region fo r  p las t ic  design always forms 
part o f the feasible e la s t ic  region. In each of Figs. 4.1 to 4.4 the 
following constraints are used:
D-2Tweb slenderness —^— < C l(e las tic  and p las t ic  design constraint)
B _ t
flange outstand slenderness — £ C2 (e las tic  design constraint)
Bflange slenderness y  < C3 (p las tic  design constraint)
T / t   ^ C4 (production constraint fo r  hot ro lled  sections),
where Cl to C4 are constants related to a pa rt icu la r  constraint as 
discussed in Chapter 3. Included in Figs. 4.1 to 4.4 are the positions
on the bending e ff ic iency  surface ex o f the Universal Beam and Universal
Column sections.
The l im its  fo r  the constraints used in Figs. 4.1 to 4.4 are as fo llows: 
F ig.4.1
y=3  fo r  production constraint e = 1.6 
y=3 fo r  web slenderness (e la s t ic ) ,  grade 43 steel 
y=3 fo r  web slenderness (p la s t ic ) ,  grade 43 steel 
y=3 fo r  flange outstand slenderness, grade 43 steel
y=3 fo r  flange slenderness, grade 43 steel.
r
Fig. 4.2
y = 1 , 2 , 3  and 4 fo r  production constraint e= 1 . 6
Y = l 92 , 3  and 4 fo r  web slenderness (e la s t ic ) ,  grade 4.3 steel
y = 1 , 2 , 3  and 4 fo r  flange outstand slenderness, grade 43 stee l.
F ig .4.3
y = 1 , 2  and 3 fo r  production constraint e = 1 . 6
y=1,2 and 3 fo r  web slenderness (e la s t ic ) ,  grades 43, 50 and
55 steels.
Y=1',2'and 3 fo r  flange outstand slenderness,: grades 43
50 and 55 steels.
F ig .4.4
Y = 1 ,2 and 3 fo r  production constraint e = 1.6
Y = 1 ,2 and 3 fo r  web slenderness (p la s t ic ) ,  grades 43, 50 and
55 steels
Y = 1 ,2 and 3 fo r  flange slenderness, grades 43, 50 and 55
steels.
In certain cases i t  w i l l  be noticed that the web slenderness boundary 
is not shown, th is  occurs when the boundary does not in te rsect the 
feasible region. However, the d irection o f reducing values o f web 
slenderness is such that w ith in the feasible region the web slenderness 
is always lower than i t s  l im it in g  value and therefore the boundary may 
sensibly be omitted. Each constraint in Figs. 4.1 to 4.4 has been
formulated in terms o f a constant aspect ra t io ,  therefore, each point
on a constraint boundary corresponds to a shape having a l im it in g  value 
fo r  the part icu la r constraint and an aspect ra t io .o f  1,2,3 and 4, 
depending on the pa rt icu la r  f igure. Elsewhere within a feasible region 
each point corresponds to a shape having a smaller than l im it in g  value 
fo r  every constra int, and therefore, none o f the constraints which enclose 
a feasible region are violated.
In F ig .4.1 the most e f f ic ie n t  cross-sectior.al shape with in the feasible 
region occurs at the point indicated by B in the figure (that is ,  the in te r ­
section o f the production constraint and the e las t ic  web slenderness . 
constra int). At point B the bending e ff ic iency factor ex is  approximately 
2/3. Considering the other e las t ic  constraint shown in the f igu re , i t  
w i l l  be seen that at point B the flange slenderness w i l l  be smaller than 
i t s  l im it in g  value. I f  a section corresponding to point B were produced, 
i t  would be only suitable fo r  e las t ic  design, because although the flange 
slenderness may be seen to be below i t s  l im it in g  value, the p la s t ic  web 
slenderness has an unacceptable value. However, i t  is  in teresting  to 
note that the bending e ff ic iency  contour re la ting  to ex = 0.65 which 
passes through point B runs nearly para lle l to the e boundary. . Therefore, 
by using the point marked A (that is ,  the intersection of the production 
constraint and the p las t ic  web slenderness constraint) the corresponding 
cross-sectional shape would be suitable fo r  both e las t ic  and p la s t ic
design, and has only a s l ig h t ly  smaller value of bending e ff ic iency.
I t  is  noticeable that there are a number of Uni versa.! Beam shapes 
clustered around point B where ex is approximately 0.64. For both 
points A and B the production constraint and web slenderness constraints 
are the governing factors fo r  the design, the flange slenderness 
and flange outstand slenderness being both lower than th e ir  l im it in g  
values fo r  a section made from grade 43 steel and having an aspect 
ra tio  o f 3.
Fig. 4.2 shows the production constraint and e las t ic  design constraints 
fo r  grade 43 steel in terms o f the aspect ra t io 's  1,2,3 and 4. I t  can 
be seen from th is  figure that each of the Universal Column sections l i e  
close to the production constraint boundary fo r  an aspect ra t io  of 1 .
As the aspect ra tio  is increased the web slenderness constraint becomes 
more o f a governing factor fo r  the design and the flange slenderness 
constraint becomes progressively less c r i t i c a l .  The position o f maximum
bending e ff ic iency  occurs in a l l  but one case at the intersection o f the e
and web slenderness boundaries. For an aspect ra tio  of 1 the web 
slenderness constraint does not in tersect the feasible region and fo r  
th is  case the position of maximum bending e ff ic iency  corresponds to the 
intersection of the e and flange outstand slenderness boundaries.
I t  w i l l  be noticed that the Universal Beam sections l ie  approximately 
tetween the aspect ratios 2 and 4 in positions which give slenderness 
values lower than e ithe r o f the l im it in g  values fo r  the web or flange 
outstand constraints. In a l l  cases the most c r i t ic a l  constraint is e. 
Fortu itously, the bending e ff ic iency  contours run nearly pa ra lle l to the 
production constraint boundaries fo r  aspect ratios greater than 1 . 
Therefore, one can move from the position of maximum bending e ff ic iency
along the lines o f constant e without s ig n if ic a n t ly  reducing the value
of ex, th is  also applies to the case o f the ex surface.
Figs. 4.3 and 4.4 show the e las t ic  and p la s t ic  constraint boundaries 
fo r the three grades o f s tee l, with a production constraint e»1 . 6  fo r  
r=l,2 and 3. F ig .4.3 indicates that a l l  the Universal Beam and Column 
sections may be used fo r  e la s t ic  design when ro lled  from grade 55 stee l. 
F ig.4.4 shows that only some universal Beams are suitable fo r  p las t ic  
design i f  ro lled  from grades 50 and 55 steels.
In Figs. 4.1 to 4.4 the most s ign if ica n t boundary is  the production 
constraint which relates only to hot ro lled  sections. For sections 
such as stiffened plate girders th is constraint is unnecessary.
The value of the web slenderness l im i t  fo r  a s tif fened plate girder 
rises to around 200  depending on the grade of steel used and the 
s t i f fe n in g  arrangement. For th is type o f section the position of 
maximum bending e ff ic iency  occurs e ithe r at the intersection o f the web 
and flange slenderness boundaries, or at some position along the web 
slenderness boundary. In addition, as the web slenderness l im i t  is 
raised, the corresponding boundary moves closer to the o rig in  and 
therefore a larger value fo r  bending e ff ic iency  may be achieved.
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4.2.2 CONSTRAINT COMBINATION IN TERMS OF 6
A s im ila r  process to that discussed in Section 4.2.1 may be adopted 
when using the constraints formulated in terms o f the production 
constraint e (using the equations shown in table 3.2). Figs. 4.5 to 4.8 
show the feasible regions re la ting  to. the constraints formulated in terms 
of a constant e . The following l im its  fo r  the constraints are used:
F ig.4.5
6=1.6 fo r  y=3
6=1.6 fo r  web slenderness (e la s t ic ) ,  grade 43 steel
6=1.6 fo r  web slenderness (p la s t ic ) ,  grade 43 steel.
F ig.4 . 6
6=1,1.6 and 2 fo r  y=3
6=1,1.6, and 2 fo r  web slenderness (e las tic )  grade 43 steel.
F ig .4.7
6=1 . 6  fo r  y=2
6=1.6 fo r  web slenderness (e la s t ic ) ,  grade 43,.50^and 55 steels 
e=1.6 fo r  web slenderness (p la s t ic ) ,  grades 43, 50 and 55 steels
Fig. 4.8
6=1.6 fo r  y=3
e=1.6 fo r  web slenderness (e la s t ic ) ,  grades 43, 50 and 55 steels
6=1.6 fo r  web slenderness (p la s t ic ) ,  grades 43, 50 and 55 steels
The flange slenderness and flange outstand slenderness boundaries are not 
shown in Figs. 4.5 to 4.8, these constraint boundaries do not in te rsect 
the feasible regions. However, the direction fo r  reducing values o f 
these two constraints is such that at any point w ith in the feasible 
regions the flange and flange outstand slendernesses are lower than th e ir  
l im it in g  values.
Using the constraints formulated in th is  manner allows the designer 
to investigate the effects o f varying the production constraint.
The position o f maximum bending e ff ic iency occurs in each case at the 
intersection o f the aspect ra tio  and web slenderness boundaries. Using 
the constraints in th is  form does not provide as much information on
the re la tive  effects o f each constraint as the'previous example.
But i t  does provide a quick method fo r  assessing the design o f hot 
ro lled sections and th e ir  s e n s it iv i ty  to changes in the value o f the 
production constraint.
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4.2.3 CONSTRAINTS COMBINATION IN TERMS OF if;
The constraints may also be formulated in terms of a constant cross-
sectional area and section depth (using the equations shown in table
2
3.3, where ^ = A/D For th is  case, each point on a boundary
relates to a shape having a constant area and depth and a l im it in g  
value fo r  the p a rt icu la r  constraint. Feasible regions fo r  the 
constraints formulated in terms of $ are shown in Figs. 4.9 to 4.11 
where the fo llowing l im its  fo r the constraints are used:
F ig .4.9
^=0.045 fo r  web slenderness (e la s t ic ) ,  grade 43 steel
i^=0.045 fo r  web slenderness (p la s t ic ) ,  grade 43 steel
^=0.045 fo r  flange slenderness, grade 43 steel
\p=0.045 fo r  flange outstand slenderness, grade 43 steel
i|>=0.045 fo r  aspect ra t io 's  1,2,3 and 4
\p=0.045 fo r  production constra int of 1,1.6 and 2.
Fi g .4 .10
^=0.040 fo r  web slenderness (e las tic )  grade 43 steel 
ip=0.040 fo r  web slenderness (p la s t ic ) ,  grade 43 steel 
ip=0.040 fo r  flange slenderness, grade 43 steel 
^=0.040 fo r  flange outstand slenderness, grade 43 steel 
tp=0.040 fo r  aspect ra t io 's  1,2,3 and 4 
^=0.040 fo r  production constraints 1,1.6 and 2.
F ig.4.11
^=0.040 fo r  web slenderness (e la s t ic ) ,  grades 43, 50 and 55 steels
\p=0.040 fo r  web slenderness (p la s t ic ) ,  grades 43, 50 and 55 steels
^=0.040 fo r  singly s tiffened webs slenderness, grades 43, 50 and 55 
\p=0.040 fo r  doubly stiffened web slenderness, grades 43, 50 and 55
4>=0.040 fo r  flange slenderness, grades 43, 50 and 55 steels
i^=0.040 fo r  flange^Mfstan'd slenderness, 'grades 43, 50 and 55 
ip=0.040 fo r  aspect ra t io 's  o f 1,2,3 and 4.
\p=0.040 fo r  production constraints of 1,1.6 and 2.
2
Where the constraint boundaries are formulated in terms o f \^=A/D or
3
in the case of Section 4.2.4 in terms of Zx/D (that is , corresponding
to the dimensional mode o f the bending e ff ic iency surfaces) i t  has been 
found useful to form the feasible e las t ic  and p las tic  regions using the 
following boundaries:
feasible region fo r  e las t ic  design: using the ^elastic web
slenderness and flange outstand slenderness 
boundaries,
feasible region fo r  p las t ic  design: using the p las t ic  web
slenderness and flange slenderness boundaries.
The remainder o f the constraints in Figs. 4.9 to 4.11 (being the production
constraint and aspect ra tio  boundaries) may then be used to fu rther divide 
the feasible regions, or more usefu lly , they may be used to assess the 
re la tive  effects o f  these constraints.
For example, consider F ig .4.9 where i|> =0.045. Given the requirement fo r  
a hot ro lled  section, made from grade 43 stee l, suitable fo r  p las t ic  
design and having \p =0.045, which position on the-bending e ff ic iency 
surface would correspond to th is  shape. The shape must l ie  somewhere 
within the feasible p las tic  region and be close to the production constraint 
T / t  = 1.6. Position A in the figure'conforms to a l l  these requirements 
(being the intersection o f the T / t  =1 .6  boundary and the flange slender­
ness boundary). I t  w i l l  be noticed from the figure that the shape would
have an aspect ra tio  of approximately 2 , and i t s  web slenderness would be
lower than i t s  l im it in g  value. I t  can also be seen that by increasing the 
value o f the production constra in t, and keeping the same value of flange 
slenderness, a larger value of bending e ff ic iency  could be achieved. This 
would also bring the web slenderness closer to i t s  l im it in g  value. Using 
the constraint boundaries in th is manner enables one to assess the 
re la tive  importance on bending e ff ic iency fo r  each constraint.
F ig .4.11 indicates the constraint boundaries fo r  singly and doubly . 
s tiffened webs, fo r  stiffened plate girders the production constraint fo r  
hot ro lled  sections may be ignored, and i t  can be seen from the figure that 
a much higher value o f bending e ff ic iency may be achieved.
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4.2.4 COMBINATION OF CONSTRAINTS IN TERMS OF £2
The f ina l method in which the constraints may be formulated is in
terms o f a constant section depth and e ither section modulus or
3 - 3p las t ic  modulus, using £2=Zx/D or ft =Zx/D (using the equations 
shown in table 3.3). This method o f  usage approximates to the 
design process, where normally the bending strength and section depth 
are known. For th is case each point on a boundary relates to a shape 
having a constant value fo r  D and Zx or Zx and a l im it in g  value fo r  
the p a rt icu la r  constraint. The constraints formulated in th is  manner 
may be used as shown in Section 4.2.3, the boundaries being very s im ila r  
in shape to those formulated in terms o f ij; . Figs. 4.12 and 4.13 
i l lu s t ra te  the constraint boundaries formulated in terms of ft and use 
the fo llowing l im its  fo r  the constraints:
F ig.4.12
£2=0.017 fo r  web slenderness (e la s t ic ) ,  grade 43 steel 
^=0.017 fo r  web slenderness (p la s t ic ) ,  grade 43 steel 
£2=0.017 fo r  flange slenderness, grade 43 steel 
£2=0.017 fo r  flange outstand slenderness, grade 43 steel 
£2=0.017 fo r  aspect ra t io 's  1,2,3 and 4 
£2=0.017 fo r  production constraints 1,1.6 and 2.
Fig. 4.13
£2=0.017 fo r web slenderness (e las tic )  grades 43, 50 and 55 steels.
£2=0.017 fo r  web slenderness (p la s t ic ) ,  grades 43, 50 and 55 steels
£2=0.017 fo r  singly s tiffened web slenderness, grades 43, 50 and
55 steels
£2=0.017 fo r  doubly stiffened web slenderness, grades 43, 50 and
55 steels
£2=0.017 fo r  flange slenderness, grades 43, 50 and 55 steels 
£2=0.017 fo r  flange outstand slenderness, grades 43, 50 and 55 steels 
£2=0.017 fo r  aspect ratios 1,2,3 and 4 
£2=0.017 fo r production constraints o f 1,1.6 and 2.
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4,3 De sign  Strategy
In the previous Section a l im ited  number o f constraints were used to 
i l lu s t ra te  the manner in which a feasible design space may be created.
I t  is possible to fu rthe r reduce the size of th is  space by considering 
the effects o f other relevant constraints, such that the choice o f an 
optimum shape fo r  a pa rt icu la r  design is res tr ic ted  to a small area.
By using the design space in conjunction with a bending e ff ic iency 
surface i t  is a simple task to choose the most e f f ic ie n t  shape in bending, 
which w i l l  also be va lid  in respect to each o f the constraints considered. 
Although the bending e ff ic iency surface ex was shown in each o f the 
examples, the ex, ey and ey surfaces could also be used. The procedure 
outlined above provides a simple method fo r  proportioning a cross-sectional 
shape and allows the designer to assess the re la tive  e ffe c t o f each o f 
the chosen constraints.
The problem o f choosing the optimum section properties fo r  a range of 
hot ro lled  I-sections is outside the scope of th is  work. However, the 
techniques discussed in the Thesis form a useful aid fo r  th is  type o f 
investigation allowing the designer to optimize individual sections 
fo r maximum performance within a group produced from one set o f r o l ls .
In addition the proposed method can be used to study the optimum 
d is tr ibu t ion  o f  section properties within a group. For example, to 
provide certain sections suitable fo r  both e la s t ic  and p la s t ic  design, 
and at the l ig h te r  end o f the group, sections suitable fo r  e la s t ic  
design only.
4,4 Advances in  I - S ection  Manufacture
Until recently, there was no process which could produce steel I-sections 
in the variety o f sizes and at a low enough cost to compete with hot 
ro 11ingo Hot ro lled  sections, although re la t ive ly  cheap, have inconvenient 
dimensions making the detail design of a steel structure a lengthy process. 
In addition, the severe constraints on design o f the ro l l in g  and associated 
processes means that only marginal improvements can be made to the bending 
e ff ic iency o f individual sections.
A new manufacturing process which overcomes most of these problems has 
recently been t r ie d  in p i lo t  plants in Japan. The process automatically 
produces welded beams from coiled s t r ip ,  the s t r ip  is s l i t  to the 
required width and fed to a ro l le r  welding machine to produce a continuously 
welded I-section. Although at present the heavier types o f  section 
cannot be produced, costs are thought to be competitive fo r  l ig h t  and 
medium weight sections, the plant being considerably smaller and less 
expensive than a ro l l in g  m i l l .  This manufacturing technique makes 
possible the use o f sections having a higher value of bending e ff ic iency  
than those constrained by the lim ita tions o f hot ro l l in g .  In addition 
sections can be formed having convenient overall dimensions and material 
thicknesses, sim plify ing the detail design o f steel structures and 
fabrication procedures.
Co n c l u d i n g  Re m a r k s
The ideas discussed in th is  Thesis form a useful addition to the section 
designers " to o lk i t " ,  providing a simple and effective  means of proportioning 
cross-sectional shapes fo r  optimum bending e ff ic iency.
The bending e ff ic iency  factor forms the basis o f th is  approach, y ie ld ing  
a measure o f the e ff ic iency in bending o f a cross-section which is 
independent of the overall dimensions o f the shape. The function allows 
the designer to assess the e ff ic iency  in bending o f a single shape, or 
to investigate the effects on bending e ff ic iency of change in cross- 
sectional shape. Combining the concept of the bending e ff ic iency  factor 
with the a b i l i t y  to express the constraints as boundaries to the bending 
eff ic iency surfaces enables the designer to assess the effects o f each 
constraint on the design as a whole. In addition, the s e n s it iv i ty  o f the 
design to changes in production techniques or the use of new material 
characteristics can also be investigated.
The main advantage of using these techniques is that they allow the 
designer to adopt a systematic approach to the design of cross-sectional 
shapes. That is ,  instead of considering each aspect o f the design in 
iso la tion  and then attempting to ite ra te  to a solution, the designer can 
consider each aspect o f the design in re lation to the design as a whole.
The concept o f the bending e ff ic iency factor also provides a useful teaching 
aid, allowing the student to investigate where material should be placed 
within a cross-section to give the optimum bending performance without 
having to consider the overall dimensions of the cross-section.
In th is  Thesis the bending e ff ic iency  factor has only been considered 
in re la tion to doubly symmetric sections, composed o f a material in the 
l in e a r ly  e la s t ic  or f u l l y  p las t ic  condition. However, i t  is possible 
to derive the bending e ff ic iency factor fo r  non-symmetric shapes 
provided that the simple engineering theory o f bending is acceptable, 
in addition one can consider materials which are non-linear, or sections 
composed of more than one material. As a topic fo r  fu rther research
i t  would be useful to provide an a l l  embracing de fin it ion  fo r  the 
bending e ff ic iency  factor to cover the various aspects referred to 
above.
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APPENDIX A,
Relationship between Schillings Work On Section Optimization 
and the Bending Effic iency Factor.
This Appendix is included to i l lu s t ra te  the relationship between 
these two techniques and also introduces an extension to Schilling's work.
This extension enables the e ffec t of flange thickness to be investigated.
Extended S ch il l ing  Formulation fo r Section Modulus Zx
The following terms are used -
Cross sectional area A,
Relative Web Area (Area o f web/A) a,
Web Slenderness (D-2T/t) b,
Flange to Web thickness ra tio  (T /t)  e 
Depth between flanges   Dp.
Using the terms above, the web thickness may be expressed as
and the depth between flanges as
The other dimensions of the cross-section can then be obtained from
Dp=(Aab)*.
and
Using these terms the section modulus Zx may be expressed as
6(b + 2e)
D iffe ren tia t ing  Zx with respect to the re la tive  web area a, setting 
the resu lt to zero and solving the resulting equation yie lds the 
following equation fo r  the optimum value o f re la tive  web area a.
a - e(6 b + 46) + 3b2 
3e(6b+4e)+6b^
I f  e is set to zero the value of a is \  i .e .  the standard resu lt
obtained by S ch il l ing . However, when b and 0 have values appropriate
fo r  universal beam sections a has a range from 0.46 to 0.5 (0.5 being 
applicable to sections such as stiffened plate girders). Although th is  
range is small, the variation is s ig n if ica n t when considering the design 
o f a range o f hot ro lled  sections.
Extended S ch il l ing  Formulation fo r Zx
Using the dimensions o f the cross-section in the form used in the la s t 
example the p las t ic  modulus may be expressed as
Zx = (Aab) 2 + y  ( l-a)(Aab ) 2 + (1-a) 0 ( ^ - ) 2,
which s im plif ies  to
7 i  A3/* /9, i  A 2 e v f t  ^ 2esZx = a2 ^ (2b2 + - j  ) - a j  (b2 + -£•).
b2 b2
D iffe ren tia t ing  Zx with respect to the re la tive  web area a, setting the 
resu lt to zero and solving the resulting equation y ie lds the fo llowing 
equation fo r  the optimum value of the re la tive  web area a.
- _ 2 b + 2 e
 ^ 3b + 60
I f  0 is set to zero the value of a is equal to 2/3 which is the
standard resu lt.  When b and 0 have values appropriate fo r  Universal
beam sections then a may have a value as low as 0.53. Although the 
spread in a is small, i t  is s ign if ican t when considering the design o f a
range o f hot ro lled  sections. However, for the design o f a single 
beam, where discrete plate sizes must be used the variation has no real 
significance.
S ch il l ing  Optimum in Terms of the Elastic Bending Effic iency Factor ex.
Substituting the optimum a expression in to  Zx and using th is  expression 
in the equation fo r  the e las t ic  bending e ff ic iency factor ex.
yie lds the following equation
«v/ _ + 2e(6b + 4e)C  A  r - T -  - -  i ,
9(b+2e)
I f  e is set to zero ex takes i ts  maximum value o f ex = 2/3. For 
values of e and b appropriate fo r  universal beam section ex ranges 
from 0.64 to 0.66. I t  is  in teresting to note that the majority o f
Universal beams have a value o f ex close to the va-lue o f 0.66.
Sch il l ing  Optimum in Terms o f the P lastic Bending Effic iency Factor ex.
Substituting the S ch il l ing  optimum Zx expression into the equation fo r  
the p las tic  .bending e ff ic iency factor ex
. - 2 Zx, . e. ex = ^  .
y ie lds the following equation
2b + 2e 
ex '  3b + 6e ’
This also happens to be the equation fo r  the re la tive  web area a fo r  
th is case. I f  e is set to zero then ix  takes i ts  maximum value o f 
2/3 which is the same value as the e las t ic  case.
Ap p e n d ix  B
Solution Of The Cubic Equation To Give The Optimum Value o f a 
For The Elastic Bending Effic iency Factor
The cubic equation is given by -
a3(8 ( l-B ) ) + ct2(6(2B-1) ) -  6aB + B = 0
or
3 A 2,3(23-1)x ; 33 
a + a (?TTr 6 ) ) + S[T+B) = 0 ............. 8,1
Using Cardans Solutions, the equation is  transformed in to the form
a + pa + q = 0
where p = - 3(23-1)L4(T^3) J
33
4(1-3)
which s im p lif ies  to
P = -
(4(1-3))'
and where q = ■**.27
3(23-1) 3 3(2B-1) 26
8TT-B) + 8TT-B)
which may be written as
,2 
'3
q = 43-1-23'
32(1-3)
The solution fo r  equation B.l is given by
(23-1)
“  = y '  T T R )  ’
where y is  a root from the transformed equation,
The relevant root y is obtained using the trignometrical method from
where cos a = -
and where y may be written as
y = - 4TTB) sin
s in '1(2e2-4B+l) 
 ^ 3 --------
Therefore a is  given by
a = (l-2p)-2  sin
sin~1(2g2-4B+D
